Let k be a field and n ≥ 1. There exists a differential graded kmodule (V, d) and various approximations to a differential
Introduction
Most deformation theories, including those of Froelicher-Nijenhuis-KodairaSpencer for complex analytic manifolds and of Gerstenhaber for algebras, introduce both a primary obstruction to extending an infinitesimal deformation as well as ones of successively higher order, which appear after each previous obstruction is passed. Somewhat surprisingly, examples of infinitesimals with a non-vanishing higher order obstruction are often difficult to find. And this difficulty seems to increase with richer algebraic structure. In the deformation theory of Hopf algebras-a setting with rich algebraic structure-S. D. Schack's "primary obstruction conjecture" asserts that an infinitesimal extends to a deformation whenever its primary obstruction vanishes. In the more relaxed setting of finite dimensional associative algebras, Gerstenhaber and Schack [4] cleverly apply topological methods to produce infinitesimals with vanishing primary obstructions on certain rigid algebras in characteristic p > 0. But these examples are by no means simple, and the analogous problem in characteristic zero remains open ( [3] , p.61).
In this paper we consider the deformation theory of differential graded k-modules (d.g.m.'s) over an arbitrary field k. In this setting, the algebraic structure is quite simple and infinitesimal deformations with non-vanishing higher order obstructions are easily observed. Given an integer n ≥ 1, we exhibit a d.g.m. (V, d) and various approximations to a differential
, one of which is a non-trivial polynomial deformation, another is obstructed, and another is unobstructed at order n.
Classically, one finds the deformation theory of d.g.m.'s imbedded in richer theories such as the deformation theory of differential graded k-algebras; as such, it has been considered by many authors (see for example [1] , [2] , [6] , [7] , [8] ). Recently, Gerstenhaber and Wilkerson [5] gave a systematic treatment of the deformation theory of d.g.m.'s, whose relative simplicity provides an ideal entry point for the uninitiated reader. Many of the ideas and techniques familiar in more general settings appear here, but without the tight constraints that typically confound even the most basic computational examples. We begin with a review of the ideas we need.
Cohomology and Deformations of D.G. Modules
Let R be a commutative ring with identity-in this discussion R will be either a field k or the ring of formal power series
an element x p ∈ M p is said to be homogeneous of degree p, in which case we write |x p | = p. Let M and N be graded R-modules. An Rlinear map f : M → N has degree p if |f (x)| = |x| + p for each homogeneous x ∈ M, in which case we write |f | = p. The set of all such maps of degree p is denoted by Hom
and it trivial to check that
The cohomology of V with coefficients in M is the cohomology of {C * (V ; M) , δ} , i.e., the graded R-module H
. The elements of ker (δ p ) are the p-cocycles; the elements of Im(δ p−1 ) are the p-coboundaries. Two p-cocycles f and g are cohomol-
over a field k. The cohomology H * (V ) directs the deformation theory of (V, d) in the following way: Let t be an indeterminant of degree 0 and imbed V as the set of constants in the
] in the same way we extended d and define
Expand the right hand side of d t • d t = 0 and equate coefficients to obtain the relations
Observe that d 1 is a 1-cocycle and that O n is a cobounding 2-cocycle for each n; these are necessary and sufficient conditions for an arbitrary series d
to be a deformation. The differential d t is commonly referred to as a deformation of d; the 1-cocycle d 1 is commonly referred to as an infinitesimal deformation.
If the process can be continued indefinitely, there is a differential 
Condition (1) implies the existence of maps {φ
. When φ t exists we call it an equivalence and write φ t :
Suppose that V t and V ′ t are deformations of (V, d) and assume that φ t : V t ∼ V ′ t is an equivalence. Expand and collect first order coefficients in relation (2) and obtain
. We conclude this section with a standard theorem whose proof is included for completeness. 
r+1 ) = 0, so by assumption there exists a 0-cochain φ r+1 such that δ(
Hence there is a sequence of equivalences {φ
Analogs of Theorem 1 and Theorem 2 appear in the deformation theory of differential graded algebras with an apparent shift of dimension. This dimension shift, which reflects nothing more than a change in point-of-view, is discussed in [8] . We are ready for the construction promised.
Examples of Deformations and Obstructed Approximations
Let k be any field, let V = p∈Z V p be a graded k-module and choose a basis {x α } for V. If {x β } is a set of vectors in V , let x β denote the k-linear span.
Consider the associated graded k-module Hom *
, where
In particular, let V p = {0} for all p ≤ 0 and
.
Fix a positive integer n ≥ 2 and define
Since δ(d 1 ) = 0, the expression d + td 1 is a linear approximation to a deformation. Furthermore,
so the primary obstruction vanishes in cohomology. For 2 ≤ k ≤ n define
where δ n,k is the Kronecker delta, and consider the subspaces S = x 2i i≥1 and S ⊥ = x 2i−1 i≥1 spanned by basis elements of even and odd index, respectively. Note that d i is supported on S for 1 ≤ i ≤ n; and furthermore,
On the other hand,
It is now a simple matter to check that
is a non-trivial linear deformation, as the reader can easily check. At the other extreme, redefine
and obtain a non-trivial deformation with non-zero terms of all orders. We have proved: 
